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Seminar exercise 2
1. Consider the social planning problem
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where
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1. Derive the Kuhn – Tucker conditions for the problem. (Hint: set up the Lagrangian function and differentiate wrt the endogenous variables.) Use a bathtub diagram to discuss feasible values within an optimal solution for social prices and water values for period T and period T -1. Discuss the role of an assumption of no satiation of demand in any period. Show the consistency between the diagram and the  Kuhn – Tucker conditions. How do period T-2 variables influence the design of the bathtub diagram for periods T and T-1? (Hint: look at the available water for period T-1.)
2. Assume that for a period t+1 < T-2 the reservoir is emptied, Rt+1 = 0. Furthermore, assume that the reservoir from period T-1 to period t+2 has been less than full and greater than zero. What is the social price in period t+2, and what is the water value in period t+2? (Hint: look at the condition for the change in water values over time.)    Set up a bathtub diagram for period t and t+1 and discuss feasible values of social prices and water values. Show the consistency between the diagram and the  Kuhn – Tucker conditions. Explain why the social price for period t+1 is greater than the social price for the terminal period. (Hint: Adapt the bathtub diagram for periods T-1, T and assume that the price from the future is less than the price pT  in that diagram.)
3. Assume that for periods from t back to s+1 (with s+1 < t) the reservoir has been between full and zero. Furthermore, assume that for period s the reservoir constraint is binding. Use the Kuhn – Tucker conditions to show that in the general case the water value for period s is less than the water value for period s+1. (Hint: use the complementary slackness condition for the shadow price on the reservoir capacity constraint.) Illustrate using a bathtub diagram. Assume that the reservoir from period s-1 back to period 1 stays between full and zero. Explain why prices and / or water values after period s has no influence on the price from s back to period 1.
4. Discuss the best choice of starting period 1 when we use a period length of a week and T is 52 weeks given that our horizon formally stops at T, but that we want to use the model in a setting of more than one year. (Hint: find the period when the reservoir is normally at its lowest.) Try also to discuss typical price fluctuations if the length of the planning horizon is two years. (Hint: the reservoir does not have to be emptied the first spring.)
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